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Motivation

In machine learning, we want to build a model which maps from

inputs x to desired outputs y,
E.g., predict how many ice cream scoops y are being sold depending

on the temperature x.
Model f(x): e.g., a line: f(x) = a · x + b ≈ y

Training such a model boils down to finding a good set of parameters

(here: a, b ∈ R)
Good parameters are parameters that, e.g., minimize the distance

between our model prediction f(x) and real observed outcomes y
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Motivation

We need to choose a measure

of distance between our model

predictions f(xi) and observed

n real outcomes (xi, yi) (called
loss function):

E.g., L = 1
N

∑N
1 [f(x) − y]2

Then, we can minimize this

distance: By taking derivatives

w.r.t. to the model parameters

a, b
Figure: Loss for different model parameters
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Motivation

Since our model can become

arbitrarily complex (e.g., neural

network), there may not be an

analytical solution

But:

The derivative (gradient) of f

points into the direction of the

steepest ascent of f.

⇒ follow the negative gradient

(Gradient Descent). Figure: Deisenroth, Faisal, and Ong (2020)
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Motivation

Derivatives

Regression

Optimization

Dimensionality
Reduction

Density 
EstimationTaylor Series

Probability

Classification

Figure: The importance of derivatives
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Difference Quotient

Given f(x) = y with x, y ∈ R
Average slope of f(x) between
x0 and x0 + δx: line through
f(x0) and f(x0 + δx).
This line (secant) is a simple

linear function

Its slope is given by the

difference quotient :

δy

δx
= f(x0 + δx) − f(x0)

δx

5.1 Differentiation of Univariate Functions 141

Figure 5.3 The
average incline of a
function f between
x0 and x0 + �x is
the incline of the
secant (blue)
through f(x0) and
f(x0 + �x) and
given by �y/�x.�y

�x

f(x)

x

y

f(x0)

f(x0 + �x)

vector calculus is one of the fundamental mathematical tools we need in
machine learning. Throughout this book, we assume that functions are
differentiable. With some additional technical definitions, which we do
not cover here, many of the approaches presented can be extended to
sub-differentials (functions that are continuous but not differentiable at
certain points). We will look at an extension to the case of functions with
constraints in Chapter 7.

5.1 Differentiation of Univariate Functions

In the following, we briefly revisit differentiation of a univariate function,
which may be familiar from high school mathematics. We start with the
difference quotient of a univariate function y = f(x), x, y 2 R, which we
will subsequently use to define derivatives.

Definition 5.1 (Difference Quotient). The difference quotient difference quotient

�y

�x
:=

f(x + �x) � f(x)

�x
(5.3)

computes the slope of the secant line through two points on the graph of
f . In Figure 5.3, these are the points with x-coordinates x0 and x0 + �x.

The difference quotient can also be considered the average slope of f
between x and x + �x if we assume f to be a linear function. In the limit
for �x ! 0, we obtain the tangent of f at x, if f is differentiable. The
tangent is then the derivative of f at x.

Definition 5.2 (Derivative). More formally, for h > 0 the derivative of f derivative

at x is defined as the limit
df

dx
:= lim

h!0

f(x + h) � f(x)

h
, (5.4)

and the secant in Figure 5.3 becomes a tangent.

The derivative of f points in the direction of steepest ascent of f .

©2021 M. P. Deisenroth, A. A. Faisal, C. S. Ong. Published by Cambridge University Press (2020).

Figure: Deisenroth, Faisal, and Ong (2020)

ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for Machine Learning 9



Derivative

If δx is infinitely small: the average slope of f between x0 and x0 + δx
is the tangent of f at x0

We call this tangent the derivative of f at x0

It points into the direction (w.r.t. x) of the steepest ascent of f

Derivative

More formally, for h > 0 the derivative of f is defined as

df

dx
= lim

h→0

f(x + h) − f(x)
h
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Derivative: Example

f(x) = x2

df

dx
= lim

h→0

f(x + h) − f(x)
h

= ?
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Derivative: Example

f(x) = x2

df

dx
= lim

h→0

f(x + h) − f(x)
h

= lim
h→0

(x + h)2 − x2

h
= lim

h→0

x2 + 2xh + h2 − x2

h

= lim
h→0

2xh + h2

h
= lim

h→0
2x + h = 2x
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Differentiation Rules

df(x)
dx

= df
dx

= d
dx

f(x) = d
dx

f = f ′(x) = f(x)′ = f ′

dg
dx

= 0 if g does not depend on x, e.g. a constant scalar

Sum rule: (f(x) + g(x))′ = f ′(x) + g′(x)
Product rule: (f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x)
Quotient rule:

(
f(x)
g(x)

)′
= f ′(x)g(x)−f(x)g′(x)

g(x)2

Chain rule: (g(f(x)))′ = g′(f(x))f ′(x)
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Common Derivatives

For x ∈ R, n ∈ N
d

dx
xn = nxn−1

d
dx

1
xn = d

dx
x−n = −nx−n−1 = − n

xn+1

d
dx

ex = ex

d
dx

ln x = 1
x

d
dx

sin x = cos x
d

dx
cos x = − sin x

d
dx

tan x = 1
cos2 x
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Derivative – Example: Sum Rule

d

dx
2x = ?
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Derivative – Example: Sum Rule

d

dx
2x = d

dx
(x + x) =

(
d

dx
x

)
+
(

d

dx
x

)
= 1 + 1 = 2
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Derivative – Example: Product Rule

d

dx
x2 = ?
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Derivative – Example: Product Rule

d

dx
x2 = d

dx
(x · x) =

(
d

dx
x

)
· x + x ·

(
d

dx
x

)
= 1 · x + x · 1 = x + x = 2x
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Derivative – Example: Quotient Rule

d

dx

x2

2x
= ?
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Derivative – Example: Quotient Rule

d

dx

x2

2x
=

(
d

dx
x2
)

· 2x − x2 ·
(

d
dx

2x
)

(2x)2

= 2x · 2x − x2 · 2
4x2 = 4x2 − 2x2

4x2

= 2x2

4x2 = 1
2
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Derivative – Example: Chain Rule

d

dx
(2 + x2)2 = ?
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Derivative – Example: Chain Rule

d

dx
(2 + x2)2 = d

dx
g(f(x)) where g(f(x)) = f(x)2, f(x) = 2 + x2

= d

df(x)g(f(x)) · d

dx
f(x) = 2f(x) · 2x

= 2(2 + x2) · 2x = 8x + 4x3
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Partial derivative

For f : Rn → R with n arguments x1, .., xn, its partial derivative is the

standard derivative w.r.t. only one of its arguments:

Partial Derivative

∂

∂xi

f(x1, .., xn) = lim
h→0

f(x1, .., xi + h, .., xn) − f(x)
h

We collect them in a row vector and call it the gradient of f :

Gradient

∇xf = gradf = df

dx
=
[

∂f(x)
∂x1

∂f(x)
∂x2

· · · ∂f(x)
∂xn

]
∈ R1×n
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Partial Derivative: Example

f(x, g) = 2x + 3g

∂

∂x
f(x, g) = ?

ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for Machine Learning 27



Partial Derivative: Example

f(x, g) = 2x + 3g

∂

∂x
f(x, g) = 2
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Partial Derivative: Example

f(x, g) = 2x + 3g

∂

∂x
f(x, g) = 2

∂

∂g
f(x, g) = ?
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Partial Derivative: Example

f(x, g) = 2x + 3g

∂

∂x
f(x, g) = 2

∂

∂g
f(x, g) = 3
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Gradient: Example

f(x1, x2) = x2
1x2 + x1x

3
2

df

dx
= ?
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Gradient: Example

f(x1, x2) = x2
1x2 + x1x

3
2

df

dx
=
[

∂f(x1,x2)
∂x1

∂f(x1,x2)
∂x2

]
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Gradient: Example

f(x1, x2) = x2
1x2 + x1x

3
2

df

dx
=
[

∂f(x1,x2)
∂x1

∂f(x1,x2)
∂x2

]
∂f(x1, x2)

∂x1
= ?
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Gradient: Example

f(x1, x2) = x2
1x2 + x1x

3
2

df

dx
=
[

∂f(x1,x2)
∂x1

∂f(x1,x2)
∂x2

]
∂f(x1, x2)

∂x1
= 2x1x2 + x3

2

ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for Machine Learning 35



Gradient: Example

f(x1, x2) = x2
1x2 + x1x

3
2

df

dx
=
[

∂f(x1,x2)
∂x1

∂f(x1,x2)
∂x2

]
∂f(x1, x2)

∂x1
= 2x1x2 + x3

2

∂f(x1, x2)
∂x2

= ?
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Gradient: Example

f(x1, x2) = x2
1x2 + x1x

3
2

df

dx
=
[

∂f(x1,x2)
∂x1

∂f(x1,x2)
∂x2

]
∂f(x1, x2)

∂x1
= 2x1x2 + x3

2

∂f(x1, x2)
∂x2

= x2
1 + 3x1x

2
2
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Gradient: Example

f(x1, x2) = x2
1x2 + x1x

3
2

df

dx
=
[

∂f(x1,x2)
∂x1

∂f(x1,x2)
∂x2

]
=
[
2x1x2 + x3

2 x2
1 + 3x1x

2
2

]
∂f(x1, x2)

∂x1
= 2x1x2 + x3

2

∂f(x1, x2)
∂x2

= x2
1 + 3x1x

2
2

ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for Machine Learning 38



LiveVoting

ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for Machine Learning 39



Gradient of

Vector-Valued

Functions

3



Vector-Valued Functions

We can generalize the concept of gradients to vector-valued functions,

that is, f : Rn → Rm, f(x) =


f1(x)
...

fm(x)

 ∈ Rm.

Viewing this as a vector of functions [f1, . . . , fm]> allows us to apply the

same rules for differentiation we just learned:

∂f

∂xi

=


∂f1
∂xi
...

∂fm

∂xi

 =


limh→0

f1(x1,...,xi+h,...,xn)−f1(x)
h

...

limh→0
fm(x1,...,xi+h,...,xn)−fm(x)

h


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Jacobian

We know that the gradient of f with respect to a vector expands as the

row vector of partial derivatives.

Applying this to our vector-valued function yields the Jacobian J of f :

Jacobian

J = ∇xf = d

dx
f(x) =

[
∂f
∂x1

· · · ∂f
∂xn

]

=


∂

∂x1
f1(x) ∂

∂x2
f1(x) · · · ∂

∂xn
f1(x)

∂
∂x1

f2(x) ∂
∂x2

f2(x) · · · ∂
∂xn

f2(x)
...

...
. . .

...
∂

∂x1
fm(x) ∂

∂x2
fm(x) · · · ∂

∂xn
fm(x)


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Jacobian: Example

Let f(x) =
[

x2
1 + 5

2x1 + x2

]

Then Jf =
[

∂
∂x1

f1(x) ∂
∂x2

f1(x)
∂

∂x1
f2(x) ∂

∂x2
f2(x)

]
=
[
2x 0
2 1

]
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